We find new BPS solutions to the nonabelian theory on a world-volume of parallel D1-branes. Our solutions describe two parallel, separated bundles of N D1-branes expanding out to form a single orthogonal D3-brane. This configuration corresponds to two charge N magnetic monopoles in the world-volume of a single D3-brane, deforming the D3-brane into two parallel spikes. We obtain the emergent surface corresponding to our nonabelian D1-brane configuration and demonstrate, at finite N , a surprisingly accurate agreement with the shape of the D3-brane world-volume as obtained from the abelian Born-Infeld action. Our solution provides an explicit realization of topology change in noncommutative geometry at finite N .
Introduction and Summary
Since the discovery that the coordinate positions of D-branes in string theory are matrices, many aspects of D-brane dynamics related to this fact have been studied. The gauge group of a theory living on a stack of N superposed D-branes is enhanced from U (1) N to U (N ) and the brane world-volume supports a U (N ) gauge field as well as a set of scalars in the adjoint representation of U (N ) (one for each of the transverse coordinates). A striking feature of the nonabelian Born-Infeld effective action for stacks of D-branes [1, 2] is that it contains structures such as commutators of the transverse coordinates with themselves. These vanish in the U (1) case and cannot be directly inferred from the abelian Born-Infeld action. They lead to nonabelian geometrical structures and allow lower dimensional branes to carry higher dimensional brane charges, so that higher dimensional branes can be built from lower dimensional branes.
Thus, higher dimensional objects can be built from lower dimensional components. This approach complements the opposite view that lower dimensional branes can be described as solitons in the effective theory of higher dimensional D-branes [3] . Where higher dimensional D-branes emerge from lower dimensional ones, properties of nonabelian configurations of lower dimensional branes can be compared against the properties of the corresponding higher dimensional branes.
One well studied example is the D1-D3 brane intersection. This can be described from either the D3 [4, 5] or the D1 brane point of view [6] . From the D3 brane point of view, the point where the D1 branes are attached is a magnetic monopole (see Figure 1) . A single D3 brane in flat space can be described by the abelian Born-Infeld action. Let the D3-brane extend in 0123-directions, and let the coordinates on the brane be denoted by x i , i = 0, . . . , 3. Restricting the brane to have displacement only in one of the transverse directions, we can take the (static gauge) embedding coordinates of the brane in the ten-dimensional space to be X i = x i , i = 0, . . . , 3; X a = 0, a = 4, . . . , 8; X 9 = σ(x i ). Then there exists static solutions of the Born-Infeld action with k 'spikes', corresponding to placing N (a) units of 
where q (a) = πα N (a) , and N (a) are integers corresponding to the number of D1-branes attached at point x i (a) . We have omitted the world-volume magnetic field, as it will not enter into our discussion. This solution is reliable in the sense that the effect of unknown higher-order corrections in α and g to the action can be made systematically small in the large-N limit (see [4] for details). From the point of view of the D3-brane, the magnetic monopoles are BPS objects and thus there is no net force between them when placed at a finite distance from each other. Thus, the family of solutions in (1) has a very large moduli space: an arbitrary superposition of 'spikes' shown in equation (1) is a solution.
The same D1-D3 intersection can be described from the point of view of D1-strings. The goal of this paper is to study the properties of such a description for multiple separated D1-string bundles (multiple D3-brane spikes). We will use static gauge, and have the D1-branes stretching along the X 9 direction, with X 0 = τ, X 9 = σ. We allow three of the transverse coordinates to be nonzero. These are described by matrix transverse scalar fields Φ i (σ), for i = 1, 2, 3. We will see in Section 2 that Φ i (σ) corresponding to multiple spikes attached to a single D3-brane can be obtained by solving the Nahm equation with novel boundary conditions. Once that is accomplished, we need to compare the emergent geometry in the D1-brane picture with the geometry of the D3-brane. To this end, consider a cross-section of the D3-brane at fixed X 9 . This is a codimension one surface in the three dimensional subspace given by X 1 , X 2 and X 3 . This surface will correspond to the nonabelian object described by the three coordinate matrices Φ i (σ). Before describing our topologically and metrically nontrivial nonabelian geometry, consider the case where this surface is simply a round sphere. This is the well-studied example of a single bundle of N D1-branes [6] . The cross-section of the D3-brane at fixed X 9 is a 2-sphere whose radius varies with σ = X 9 as πα N/σ. In the D1-brane picture, the solution is (see Section 2 for details)
where
One way to compute the radius of this noncommutative sphere is from the quadratic Casimir:
, which leads to R(σ) = πα √ N 2 − 1/σ, in agreement with the D3-brane picture at large N .
For multiple D1-brane bundles, the cross-section at fixed X 9 is more complicated, as are the corresponding D1-string configurations, Φ i (σ). In Section 3, we will describe a method for numerically computing Φ i (σ). Once such a nonabelian configuration is obtained, a method is needed to reconstruct the corresponding geometry. Fortunately, a tool to do just that has recently been developed [7] : given a set of three hermitian N ×N matrices, the corresponding geometry in the flat three dimensional space parametrized by (X 1 , X 2 , X 3 ) is given by the locus of points where a certain effective Hamiltonian has a zero eigenvalue. The relevant effective Hamiltonian acts on a 2N -dimensional auxiliary space and is given by
where σ i are the 2 × 2 Pauli matrices. Using this method, we are able to find the emergent geometry corresponding to our D1-brane solutions. An example, with two D1-brane bundles, is shown in Figure 2 . The contours seen in the Figure were obtained solely from the nonabelian data describing D1-branes. They have all the qualitative features expected from a contour plot of equation (1) for k = 2. A detailed comparison between the prediction of equation (1) and the emergent surfaces is presented in Figures 4 , 5, and 6. The results presented here are interesting for several reasons. We demonstrate that the correspondence between the D3-and the D1-brane description of the D1-D3 brane intersection is applicable beyond the simple example of a single D1-brane bundle. We move beyond solutions based on round noncommutative spheres and explicitly solve for a nontrivial nonabelian geometry arising on a bundle of D1-branes, demonstrating that our solution smoothly interpolates between a block diagonal configuration corresponding to two separated bundles and an irreducible configuration corresponding to the D1-branes flaring out to form a single D3-brane. This smooth interpolation constitutes an example of a nonabelian topology Figure 2 : Surfaces emerging from the nonabelian configuration of D1-branes at different points along the D1-brane world-volume, parametrized by σ. The outer surface correspond to smallest σ, while the most-inner two circles correspond to largest σ, with σ increasing linearly with surface number. The topological transition from a single 2-sphere to two 2-spheres is clearly demonstrated. We should stress that these smooth surfaces are obtained solely from the matrix transverse coordinates of the D1-brane. (X 2 = 0 cross-sections of co-dimension one surfaces are shown. The nonabelian configuration of D1-brane bundles was found numerically (see Section 3). There are two D1-brane bundles separated in the X 3 direction, each containing 6 D1-branes.) change, with the 'universe' changing its topology from a single 2-sphere to two disjointed 2-spheres, clearly seen in Figure 2 .
A curious feature of the correspondence between the D3-and the D1-brane picture is that, since the BPS condition for a D3-brane is linear, in the D3-brane picture the 'spikes' (or D1-brane bundles) are non-interacting and a solution involving any number of them is simply a superposition of the solutions for the individual 'spikes'. In contrast, the BPS condition for the D1-branes (the Nahm equation) is nonlinear and it is not at all a priori clear that when several D1-brane bundles flare out to form one D3-brane they remain non-interacting. The existence of our solutions shows that this is indeed the case; it would be interesting to see in detail how the large moduli space of BPS states on a D3-brane arises from the non-linear Nahm equation.
D1-branes and the Nahm equation
In this section, we will describe the D1-D3 brane intersection in terms of the D1-brane action [6] .
We consider the nonabelian Born-Infeld action specialized to the case of N coincident D1-branes, in a flat background spacetime, with vanishing B field, vanishing world-volume gauge field and constant dilaton. The action depends only on the matrix transverse scalar fields Φ i 's. In general, i = 1, . . . , 8, but since we are interested in studying the D1/D3-brane intersection, we will allow only three transverse coordinate fields to be active (i = 1, 2, 3). The explicit reduction of the static gauge action (X 0 = τ and X 9 = σ) is then [1]
Since the dilaton is constant, we incorporate it in the tension T 1 as a factor of g −1 . The solution we are interested in is a static BPS solution. It can be argued [6] that the BPS condition is the Nahm equation,
The trivial solution has Φ ij = 0, which corresponds to an infinitely long bundle of coincident D1-branes. In [6] , a more interesting solution was found, starting with the following ansatz:
where α i are the generators of some representation of the SU (2) subgroup of
When this ansatz is substituted into the BPS condition (6), we obtain a simple
which is solved byR = 1 2σ .
As was already discussed in the Introduction, for an irreducible representation of SU (2) with dimension N , this solution maps very nicely onto the single bion solution of the D3-brane action. At a fixed point |σ| on the D1-brane stack, the geometry given by (7) is that of a sphere with the physical radius at large N equal to R(σ) = πα N /(|σ|).
We now would like to obtain an analog of the multi-bion solutions (1) in the D1-brane description. This requires finding a solution to the BPS equation (6) with the following properties 1 . At σ → ∞, we would like a number of parallel D1-brane bunches, separated in space, therefore the three matrices Φ i should be of the block diagonal form:
are q (a) -dimensional generators of an irreducible representation of SU (2). At σ = 0, though, the residue must be an irreducible representation of SU (2), so that a single D3-brane is formed:
The desired solution to equation (6) must then interpolate between k irreducible representations of SU (2) at large σ, and a single irreducible representation at small σ. This corresponds to topology change in the emergent noncommutative geometry.
The expected correspondence between the two descriptions of the BPS D1-D3 brane intersection strongly suggests that such solutions exists for arbitrary k, q (a) s and x i (a) s. In the next section we will explicitly solve a simple but nontrivial example with k=2 and q (1) = q (2) .
Two separated D1-brane bundles
Consider two D1-brane N bundles, parallel but separated by a distance D in the X 3 direction. The solution to the Nahm equation (6) we seek must have the behaviour
and
We use the following ansatz
We are faced with the problem of numerically solving a set of differential equation in the case where some boundary conditions are specified at σ = 0 and some are specified at σ = ∞, with the added complication that the equations are singular at both σ = 0 and σ = ∞. Our solution to this problem is to begin the numerical integration a small but nonzero value of σ. To obtain the initial conditions of the numerical solution, we use a series expansion at σ = 0. We ensure that the coefficients of this expansion 'know' about the boundary condition at σ = ∞, by enforcing conservation of certain quantities which we compute at σ = ∞ and which depend on the separation of the two D1-brane bundles. It is easy to see that we want the 2N undetermined functions A p to be odd in σ. Using the boundary condition (13) at small σ, we fix the leading coefficients c p,−1 in the following expansion
Then, from the Nahm equation, all but N of coefficients c p,j , j ≥ 1 can be obtained recursively. The remaining N coefficients (which can be conveniently chosen to be, c p,j , j = 1 . . . 2N − 1), represent freedom remaining in boundary conditions at σ = 0 after condition (13) is enforced. This remaining freedom allows us to satisfy our other boundary condition (12) at large σ. To implement those, we take advantage of the well known fact that the Nahm equation can be rewritten in Lax form Tr(M k ) is a constant for any k. By substituting the asymptotic behaviour (12) into Tr(M k ) for k = 2, 4, . . . , 2N we obtain N constants of motion which allow us to solve for the remaining coefficients in equation (15) . The entire computation can be carried out efficiently in a symbolic manipulation program such as Maple, and all coefficients can be obtained exactly. Once we have obtained expansion (15) to a sufficiently high order, we can numerically integrate the Nahm equation for Φ i (σ) from a starting point given by the expansion at some σ 0 near zero. Figure 3 shows a sample result from this procedure. It is clear that our solution correctly interpolates between the desired small and large σ asymptotic behaviour. We should notice, however, that at larger σ values numerical integration leads to a divergence, and that the region of its apparent validity depends on the starting point σ 0 . The larger σ 0 , the larger the region of validity, therefore, care must be taken to use a sufficiently high expansion order.
Comparison with D3-brane picture
As described in the Introduction, we use the recent technique of [7] to obtain the geometry corresponding to any three hermitian matrices, and thus to compute the smooth D3-brane surface that emerges from our D1-brane solutions. We should note that while work [7] derives equation (3) for nonabelian configurations of D0-branes, equation (3) itself should have more general applicability, as it simply provides a geometric interpretation in R 3 of a set of three matrices. We therefore apply it to the transverse coordinates of D1-branes at a fixed point along their length. The locus of points where H eff vanishes corresponds then to a constant σ contour of the emergent D3-brane. The shape of such contours is shown in Figure 2 .
To obtain a meaningful, quantitative comparison with equation (1), it will be useful first to review how the round noncommutative sphere arises from equation (3) . Consider a 'unit' noncommutative sphere given by
where j = (N − 1)/2 is the spin of the N -dimensional irrep of SU (2). The Casimir of such an irrep is Tr(
, previously leading us to believe that the corresponding sphere has radius πα
. However, when one considers the locus of points where H eff vanishes, one gets a sphere of radius exactly 1 [7] . This implies that the solution (2) (or (7)), when viewed through the methodology of [7] , corresponds to a sphere of radius 2πα j/σ = πα (N − 1)/σ. To obtain a more meaningful comparison with equation (1), we will thus use a modified charge: q = πα (N − 1) instead of q = πα N . This will allow us to obtain a comparison between our solution and the imposed boundary conditions that is not obscured by the finite N limitations of equation (3) .
The basic comparison is shown in Figure 4 . Black contours are those previously shown in Figure 2 . The red and green lines are level sets of equation (1), which for k = 2 and q (1) = q (2) = q reads simply
The green lines are plotted using q = N −1, which is appropriate when each of the two bundles of N D1-strings forms its own sphere. The red lines are plotted using q = (2N − 1)/2, which corresponds to half the modified charge of a single 2N D1-string bundle. These should be more accurate away from the monopole (at large radius), where all 2N D1-branes form a single sphere. We see in Figure 4 that the agreement is excellent: at large radius the black lines coincide with the red lines while at small radius the black lines coincide with the green lines.
To examine the intermediate region in more detail, Figure 5 shows σ(x 1 , x 2 , x 3 ) along two lines: x 1 = x 2 = 0 and x 2 = x 3 = 0. We see that the D1-branes reproduce the shape of the D3-brane with surprising accuracy, especially considering that N is only 6. Further, in Figure 6 , σ(0, 0, 0) as a function of the separation of the D1-brane bundles is shown. Again, reasonable agreement is seen, with the D1-brane picture falling somewhere between the D3-brane predictions for q = N − 1/2 and q = √ N 2 − 1. We would expect the agreement between the D3-brane picture and D1-brane picture to get better as N increases; however, computations beyond N = 6 are difficult, as evaluating the constants of motion gets cumbersome for larger values of N .
Future and related work
We have found novel solutions to the nonabelian Born-Infeld theory on a world-volume of D1-branes. These nonabelian configurations correspond to emergent geometry exhibiting a topology change and are in excellent agreement with the dual D3-brane picture. The agreement we see between the D3-brane geometry and the emergent D1-brane geometry can be viewed as a validation of the main result of work [7] . It is perhaps surprising that the agreement should be this close given the relatively small values of N we have used.
Given these encouraging results, it would be worth while to consider some of the following extensions of our work: • It would be very interesting to find a direct connection between the abelian Born-Infeld action for D3-branes and the nonabelian Born-Infeld action for D1-branes (or, similarly, the abelian Born-Infeld action for D2-branes and the nonabelian Born-Infeld action for D0-branes) using the geometric interpretation of the nonabelian configurations. This might be useful for resolving ordering difficulties in nonabelian Born-Infeld actions.
• The moduli space of BPS solutions is very easy to understand from the D3-brane picture, and quite obscure in the D1-brane picture. Is there some feature of the Nahm equation which allows one to see the full moduli space of solutions?
• Our solution technique could be extended to ever more complex scenarios. One could investigate several bundles of D1-branes, higher dimensional intersections (D1-D5 or D1-D7, for example, see [10, 11, 12, 13] ), or, more ambitiously, multiple D3-branes and nonabelian the bion solutions, recently of interest.
• Previous work on D-brane intersections includes studies of fluctuations and thermal properties (see for example, [14, 15, 16] ). It could be interesting to extend this work to multiple bions.
Finally, we should mention previous work on related subjects. The appearance of the Nahm equation as a BPS condition for D1-branes is quite natural and provides an interpretation of the Nahm procedure in terms of lower dimensional branes, as was first pointed out in [17] . The Nahm equation arises in many contexts and is solved with different boundary conditions, dictated by the problem at hand. The standard boundary conditions are those which are useful in the ADHMN construction of monopoles. There, σ is taken on the interval (−1, 1) and the matrices Φ i (s) have poles at σ = ±1 whose residues are generators of the same irreducible representation of SU (2). This corresponds to a bundle of D1-branes connecting two parallel D3-branes separated by a finite distance. By removing one of these poles to infinity so that σ lives on the interval (0, ∞), we remove one of the two branes to infinity, and obtain the single D3-brane scenario described in Section 2. More complicated boundary conditions, describing the discontinuity as a bundle of D1-branes crosses a D3-brane were discussed in [18, 19, 8] .
The problem of solving the Nahm equations with different representations at σ = 0 and σ = ∞ was considered in [20] . There the boundary conditions (10) and (11) with all x i (a) = 0 were considered. In the geometrical language of this paper, there was no separation between the individual D1-brane bundles (∆ = 0). Dimensions of the moduli space of solutions were computed (for example, for 2 + 2 → 4 and ∆ = 0 the moduli space is 4-dimensional).
Separating D1-branes ending on the same D3-brane was also considered in [8] , where the boundary condition for removing one D1-brane from the bundle was considered.
